Non-linear relativistic contributions to the cosmological weak-lensing convergence by Andrianomena, Sambatra et al.
Non-linear relativistic contributions to the cosmological weak-lensing convergence
Sambatra Andrianomena1, Chris Clarkson1, Prina Patel1,2, Obinna Umeh1,2 and Jean-Philippe Uzan3∗
1– Astrophysics, Cosmology and Gravity Centre, and,
Department of Mathematics and Applied Mathematics,
University of Cape Town, Rondebosch 7701, South Africa
2– Physics Department, University of the Western Cape, Cape Town 7535, South Africa
3– Institut d’Astrophysique de Paris, UMR-7095 du CNRS,
Universite´ Pierre et Marie Curie, 98 bis bd Arago, 75014 Paris, France,
and, Sorbonne Universite´s, Institut Lagrange de Paris, 98 bis bd Arago, 75014 Paris, France.
Relativistic contributions to the dynamics of structure formation come in a variety of forms, and
can potentially give corrections to the standard picture on typical scales of 100 Mpc. These cor-
rections cannot be obtained by Newtonian numerical simulations, so it is important to accurately
estimate the magnitude of these relativistic effects. Density fluctuations couple to produce a back-
ground of gravitational waves, which is larger than any primordial background. A similar interaction
produces a much larger spectrum of vector modes which represent the frame-dragging rotation of
spacetime. These can change the metric at the percent level in the concordance model at scales
below the equality scale. Vector modes modify the lensing of background galaxies by large-scale
structure. This gives in principle the exciting possibility of measuring relativistic frame dragging
effects on cosmological scales. The effects of the non-linear tensor and vector modes on the cosmic
convergence are computed and compared to first-order lensing contributions from density fluctu-
ations, Doppler lensing, and smaller Sachs-Wolfe effects. The lensing from gravitational waves is
negligible so we concentrate on the vector modes. We show the relative importance of this for future
surveys such as Euclid and SKA. We find that these non-linear effects only marginally affect the
overall weak lensing signal so they can safely be neglected in most analyses, though are still much
larger than the linear Sachs-Wolfe terms. The second-order vector contribution can dominate the
first-order Doppler lensing term at moderate redshifts and are actually more important for survey
geometries like the SKA.
I. INTRODUCTION
Relativistic corrections to the standard model of cos-
mology come in a variety of forms, from the altering the
dynamics of structure formation to the various effects
associated to the interpretation of observations, in par-
ticular modifying the propagation of light.
There has been considerable debate as to the impor-
tance and amplitude of these effects on the dynamics of
the expansion of the universe and the growth of large
scale structure (see, e.g., Ref. [1] for an overview), and
the amplitude and importance of these dynamical ef-
fects are still actively debated [2–4]. Though subdom-
inant for linear structure formation, relativistic correc-
tions are a generic prediction of General Relativity and
are inevitable at a non-linear level through mode-mode
coupling. The scalar gravitational potential induces rota-
tional frame-dragging modes in spacetime (so-called vec-
tor modes) as well as gravitational waves (tensor modes).
Neither of these have counterparts in Newtonian gravity
as they both induce a non-zero magnetic Weyl curva-
ture which is absent in Newtonian gravity and difficult to
take into account in N-body numerical simulations [5, 6].
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They therefore serve as an important tool in understand-
ing purely relativistic aspects of structure formation and
its observational consequences, as they set a lower limit
on the amplitude of relativistic corrections.
On top of dynamical corrections, relativistic effects
also induce corrections to the propagation of light since
it probes the complete spacetime geometry. This can
alter the interpretation of cosmological observations at
a level that cannot be neglected in an era of “preci-
sion cosmology”. Provided one works within perturba-
tion theory, the amplitude of these effects is computable
and completely fixed once the normalisation of the scalar
power spectrum, at the linear level, is determined. For
instance, some relativistic effects have been taken into ac-
count on the cosmic microwave background [7] and shown
to be below the constraints on non-Gaussianity derived
by Planck [8], but nevertheless in principle detectable
on small angular scales, in particular through spectral
distortions [9]. This article focuses on the effect of rela-
tivistic corrections on weak lensing observations, focusing
mainly on the induced vector mode background. Weak
gravitational lensing by the large-scale structure of the
Universe has now become a major tool of cosmology [10],
used to study questions ranging from the distribution of
dark matter to tests of general relativity [11].
The propagation of light in an inhomogeneous universe
gives rise to both distortion and magnification induced
by gravitational lensing. The effect of non-linear correc-
tions on the Hubble diagram have been considered [12–
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215] and shown to be non-negligible given the accuracy
of contemporary observations [16–20]. Previous works
considered the contributions of the vector metric pertur-
bations to the shear and magnification using standard
rulers [21, 22]. In this article we consider the effect on
the weak lensing convergence of non-linear effects that
induce the existence of a vector and tensor modes back-
ground. We compare this to the various contributions
to the convergence at first-order – the usual integral of
the density contrast along the line of sight [10], the con-
tribution from the Doppler effect which is dominant at
low redshifts and large scales [16, 23, 24], the Integrated
Sachs-Wolfe (ISW) and Sachs-Wolfe (SW) terms which
are relatively small and mainly neglected when comput-
ing cosmic convergence.
The induced background of gravitational waves from
scalar-scalar coupling was presented in Ref. [25] during
the radiation era, and its present-day spectrum calcu-
lated in Ref. [26], with shear lensing effects studied in
Ref. [27], all following the pioneering analysis of Ref. [28].
Surprisingly it was found that the induced gravitational
wave background is significantly larger than any primor-
dial background (even for a tensor-scalar ratio r ∼ 0.1)
on intermediate scales of ∼100 Mpc, which is around the
equality scale, though of course it is much smaller on
small scales. Similarly, the induced vector mode back-
ground was presented in Refs. [29, 30], and again a spec-
trum was found that peaks on 100 Mpc scales. Remark-
ably, however, it was found that the amplitude of the
background of vector modes for the metric potential be-
haves on small scales with the same scaling as the gravita-
tional potential, with nearly 1% of its amplitude. While
both of these induced degrees of freedom have little ef-
fect on the dynamics of structure formation (they cannot
directly source the density fluctuation as it is a scalar
degree of freedom) they can influence the gravitational
lensing produced by large-scale structure. Is it signifi-
cant, and could it be a new way to detect relativistic
aspects of structure formation?
The effects of these contributions on weak lensing con-
vergence predictions are computed in order to understand
if they can either be detected or, in the worst case, bias
the analysis of future weak lensing experiments, such as
Euclid or SKA; i.e., if the interpretation of the obser-
vation by assuming that the observed convergence corre-
sponds to the convergence sourced by scalar modes only is
an accurate enough assumption or whether some of these
effects have to be included in the analysis. This article
addresses this question and computes the effect of these
two non-linear effects on weak lensing observations by
considering second order vector and tensor background.
We restrict our analysis to the direct contribution from
the dynamically induced vector modes and the hypothe-
sis that the Born approximation still holds. In principle,
one needs also to take into account second order effects
on the geodesic deviation equation [31–35], as fully de-
scribed in Refs. [36, 37]. The calculations by relaxing
the Born approximation will induce small changes to the
signal. However, there are of course a variety of other ge-
ometrical effects which may dominate the signal [38, 39]
but our goal in this study is to investigate the conver-
gence from dynamical effects only..
In Section II we describe the vector and gravity waves
background induced by the non-linear dynamics and
then, in Section III, the computation of the weak lens-
ing power spectra, splitting the effects of the scalar, vec-
tor, tensor, Doppler, ISW and SW contributions in order
to compare their magnitude. Since the contribution of
the tensor modes remains negligible and both ISW and
SW being relatively small, we focus in Section IV on the
vector and Doppler contribution, estimating their magni-
tude in surveys such as Euclid and SKA. Technical details
are gathered in Appendices A-F.
II. INDUCED VECTOR AND GRAVITATIONAL
WAVE BACKGROUNDS
Let us start by briefly reviewing the vector and gravita-
tional wave backgrounds induced by structure formation.
In the standard cosmological framework, the initial con-
ditions set by inflation imposes that at the linear order
only scalar perturbations, described in § II A, are sig-
nificantly sourced. At second order, one cannot neglect
the contributions from vector and tensor modes, that are
respectively described in § II B and II C.
We shall work in the Poisson (or Newtonian) gauge in
which the metric can be expanded as
ds2 = a(η)2
[−(1 + 2Φ)dη2 + 2Vidxidη
+ ((1− 2Ψ)γij + hij) dxidxj
]
, (2.1)
where a is the scale factor, η the conformal time and γij
is the spatial metric of the background. Latin indices run
from 1 to 3. The scalar, vector and tensor perturbations
are respectively described by Φ and Ψ, Vi and hij where
Vi is transverse (DiV
i = 0) and hij is transverse and
traceless (hii = 0 and Dih
i
j = 0) where Di is the covariant
derivative associated with γij .
A. First order scalar perturbations
At late times, we can neglect the anisotropic stress
of matter (mostly described by a pressure-free fluid on
cosmological scales) and the spatial curvature (so that
we assume that the spatial sections are Euclidean).
It follows that the Einstein equations imply (from the
traceless part of the (ij) Einstein equations) Φ = Ψ (see
e.g., Ref. [40] for a derivation of the following equations).
The peculiar velocity sourced by first order scalars is
given in terms of the potential, from the (0i) component
of the Einstein equations, as
vi(η,x) = − 2a
3ΩmH20
∂i(Φ
′ +HΦ) (2.2)
3where the conformal Hubble rate is defined as H = a′/a,
a prime denoting a derivative with respect to η. It is
related to the Hubble rate by H = aH. In a ΛCDM
model in which the late time dynamics is dominated by
a pure cosmological constant and dark matter, it is given
by
H = H0
√
Ωm
a
+ a2ΩΛ, (2.3)
where Ωm and ΩΛ are the matter and cosmological con-
stant density parameters evaluated today.
The matter density contrast δ can be obtained from
the relativistic Poisson equation, that derives from the
Einstein equations. It involves the scalar component of
the peculiar velocity v (vi = ∂iv)
δ =
2a
3ΩmH20
∆Φ + 3Hv, (2.4)
where ∆ = ∇2 is the 3 dimensional Laplacian. The evo-
lution of the gravitational potential is then obtained from
the spatial trace of the Einstein equations, combined with
Eq. (2.4), to give
Φ′′ + 3H(1 + c2s)Φ′ + [2H′ +H2(1 + 3c2s)]Φ− c2s∆Φ = 0,
as long as the anisotropic stress can be neglected. c2s is
the sound speed. For a pressureless fluid, such as matter
on cosmological scales, c2s = 0 so that the solution of
this equation can be factorized as Φ(η,x) = g(η)Φi(x).
Φi(x) (or equivalently Φi(k) in Fourier space) describes
the initial conditions. The growth suppression factor g(η)
is determined from
g′′(η) + 3Hg′(η) + a2Λg(η) = 0, (2.5)
where Eq. (2.3) has been used to evaluate the third
term. g describes the growth of the gravitational po-
tential after decoupling. In general, one uses the lin-
earity of the perturbation equations to decompose the
gravitational potential in terms of a transfer function T
as Φ(k, η) = T (k, η)Φi(k) in Fourier space, defining the
Fourier modes by
Φ(x, η) =
∫
d3k
(2pi)3/2
Φ(k, η)e−ik·x. (2.6)
It follows that the scalar power spectrum is defined as
〈Φ(k, η)Φ∗(k′, η′)〉 = 2pi
2
k3
PΦ(k, η, η′)δ(3)(k − k′) , (2.7)
where δ(3) stands for the Dirac distribution.
The power spectrum today can be related to the initial
power spectrum predicted from inflation. Assuming scale
invariance (which is a good approximation for our anal-
ysis since secondary modes are quite insensitive to the
spectral index), the inflationary power spectrum is char-
acterized by its primordial power ∆2R, typically of order
∆2R ≈ 2.41 × 10−9 at a scale kCMB = 0.002 Mpc−1 [41].
It follows that
PΦ(k) =
(
3∆R
5g∞
)2
g2(η)T 2(k), (2.8)
where g∞ is chosen so that g(η0) = 1. In the following,
we shall use the transfer function derived in Ref. [42]
to model the linear transfer function, and we also use
Halofit [43] to estimate nonlinear small scale effects. Due
to non-linear evolution, the growth suppression factor be-
comes scale dependent as
gnl(χ, k) = (z + 1)
√
Pnl(χ, k)
P (k)
. (2.9)
We then use this growth suppression factor to account for
the non-linearities. Since non-linear evolution occurs at
small scales (large k), gnl(χ, k) behaves as the linear g(χ)
which is k independent on large scales (k small). Pnl(χ, k)
and P (k) are the non-linear matter power spectrum and
today’s linear matter power spectrum respectively.
B. Second order vector contribution
At second order, vector modes are sourced from the
mode coupling of order 1 scalar modes, O(Φ2). Assum-
ing Euclidean spatial sections, the second order Einstein
equations in Newtonian gauge [30, 44] lead to the second
order vector contribution
Vi =
16a
3ΩmH20
∆−1 {∆Φ ∂i (Φ′ +HΦ)}V , (2.10)
where V denotes the vector contribution of the part in-
side the braces. Of course estimating the non-linear cor-
rections to the vectors in this way neglects a variety of
other effects which could be important, so we include this
as a rough estimate only. The Fourier transform of the
vector perturbation encodes the two orthogonal polarisa-
tions and is defined as
Vi(x, η) =
∫
d3k
(2pi)3/2
∑
λ=±
Vλ(k, η)e
λ
i (k) e
ik·x , (2.11)
where the two vectors {e+, e−} realize an orthonormal
basis orthogonal to k (i.e., eλ·eλ′ = δλλ′ , eλ·k = 0). The
power in each polarisation is, thanks to spatial isotropy,
the same and is defined in the same way as for the scalars
for each polarisation. During the matter dominated era
the vector contribution grows as a1/2 which is the reason
why it is not completely negligible today [29, 30]. Their
contribution peaks in power at the equality scale, and has
the same spectrum as Φ below this scale, but with .1%
of the amplitude [30]. The vector mode power spectrum
we shall use in our analysis can be parameterized [30] as
PV (k, η, η′) =
(
2∆R
5g∞
√
ΩmH0
)4
V(η)V(η′)k2Π(k) ,
(2.12)
4where
V(η) = 3a(η)g(η)[g′(η) +H(η)g(η)] (2.13)
governs the growth of the vector power spectrum, and
Π(k) is a convolution integral of order unity (see Eq.
(C7) of Ref. [30] for its explicit expression). The am-
plitude of the vectors decays on scales smaller than the
equality scale, k > keq ≈ 0.073 Ωmh2Mpc−1, with the
same scaling as Φ. Assuming cosmological parameters as
determined by Ref. [41], the power in the vector modes
is well approximated by [30]
PV ≈ 6.5×10−5PΦ for k & ksilk ≈ 0.09 Mpc−1 , (2.14)
so that the amplitude of the metric vector perturbations
is nearly 1% that of the metric scalar modes on small
scales. In general, for a model without baryons, PV ≈
z−1eq (5.49 Ωmh
2− 0.13)2.33PΦ ∼ (ln k)2/k4 for k & ksilk ≈
0.09 Mpc−1. On large scales, PV scales like k, with a
peak in the spectrum around the equality scale.
Note that these vector degrees of freedom are not as-
sociated with the vorticity of the fluid and have no New-
tonian counterpart as they induce a non-zero magnetic
Weyl curvature. The small-scale behaviour of the second
order vector modes can be estimated by replacing the
linear transfer function with that given by Halofit (2.9),
which is depicted on Fig. 1. This gives a more realis-
tic estimation of the relativistic vector modes on small
scales.
C. Second order tensor contribution
The second order tensor modes evolve according to
h′′ij + 2Hh′ij −∆hij = Πij (2.15)
where the effective anisotropic stress arises from the con-
tribution of non-linear scalar modes and is explicitely
given by
Πij ≡
{
− 16Φ∂i∂jΦ− 8∂iΦ∂jΦ (2.16)
+
4
H2Ωm
[H2∂iΦ∂jΦ + 2H∂iΦ∂jΦ′ + ∂iΦ′∂jΦ′] }TT
where TT denotes a tensor projection [25].
In Fourier space, hij has 2 independent degrees of free-
dom that can be decomposed as +,× polarisations as
hij(x, η) =
∫
d3k
(2pi)3/2
∑
λ=+,×
hλ(k, η)ε
λ
ij(k) e
ik·x ,
(2.17)
where ελij is the polarisation tensor, satisfying ε
λ
ijδ
ij =
ελijk
i = 0 and ελijε
ij
λ′ = δ
λ
λ′ .
Again, power in each polarization states are identical,
thanks to spatial isotropy, and are well approximated
by [26–28]
Ph(k, η) = 6C∆
4
Rg∞
25
k∗
[
1− 3 j1(kη)kη
]
k
[
1 + 7k∗k + 5
(
k∗
k
)2]3 , (2.18)
where C ∼ 0.06 for a scale-invariant spectrum. j1
stands for the ` = 1 spherical Bessel function and k∗ =
Ωmh
2Mpc−1.
The second order gravitational wave background also
peaks in power around the equality scale, and is sur-
prisingly larger than its primordial background on these
scales. The formula presented in Eq. (2.18), from
Ref. [28], predicts an excess in power on small scales com-
pared to the more accurate formula of Ref. [26], but is
sufficiently accurate for our purposes (see Ref. [27] for a
direct comparison).
D. Summary
The previous paragraphs give the expession of the
power spectra of the scalar modes (both linear and sec-
ond order), vector modes and tensor modes. Fig. 1 de-
picts these different contributions assuming a flat ΛCDM
background universe with Ωmh
2 = 0.1326, Ωbh
2 =
2.263×10−2 and h = 0.719 as derived from the WMAP5
best fit model [41]. We also use the transfer function
derived in Ref. [42].
Note that since the amplitudes of vector and tensor
modes are small on Mpc scales we do not take into ac-
count their non-linear contribution.
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FIG. 1: The power spectra of scalar (black line), vector (red
line) and tensor (blue line) as a function of the comoving
wavenumber k. Solid curves correspond to spectra computed
assuming linear scalar modes at first-order, and the dotted
curves include power from small-scale clustering estimated
from Halofit.
5III. WEAK LENSING CONVERGENCE AND
POWER SPECTRA
A. Generalities
In the standard lore, the dominant contribution to
weak lensing comes from the deflecting potential φ along
a line of sight in the direction ni (see e.g., Refs. [45–48]),
φ = Φ + Ψ + Vin
i + hijn
inj , (3.1)
which can be decomposed in contributions arising from
the scalar-vector-tensor perturbations of the metric as
φ = φ
S
+ φ
V
+ φ
T
, (3.2)
with φ
S
= Φ + Ψ, φ
V
= Vin
i and φ
T
= hijn
inj .
The distortion of the shape of background galaxies is
described by the Sachs equation [40, 47, 48] in terms
of a Jacobi matrix that can be rescaled, as long as
the background spacetime is spatially homogeneous and
isotropic [49], to define the amplification matrix Aab,
where the indices refer to the angle coordinates of a unit
2-sphere. At lowest order, it is given by [40, 47–49]
Aab = δab −∇a∇bψ , (3.3)
where the lensing potential ψ is obtained by integrating
the deflecting potential on the line of sight as
ψ(ni, χ) =
∫ χ
0
fK(χ− χ′)
fK(χ)fK(χ′)
φ[fK(χ
′)ni, χ′] dχ′ . (3.4)
χ is the radial coordinate and fK is defined by
ds2(3) = dχ
2 + f2K(χ)dΩ
2 , (3.5)
so that fK(χ) = χ for a spatially Euclidean universe.
The amplification matrix can be decomposed in term
of a convergence κ and a shear (γ1, γ2) as
Aab =
(
1− κ− γ1 −γ2
−γ2 1− κ+ γ1
)
, (3.6)
from which we deduce that
κ(ni, χ) =
1
2
∇2⊥ψ(ni, χ) , (3.7)
where ∇2⊥ is the 2-dimensional Laplacian on the unit 2-
sphere.
The previous expression (3.7) gives the convergence for
a single source located at a radial distance χ, or similarly
at a redshift z. However, observations usually deal with
the convergence averaged over a source distribution ns,
κ(ni) =
∫ ∞
0
ns(χ)κ(n
i, χ)dχ , (3.8)
where the upper limit of infinity is taken to mean well
beyond the source distribution, or the horizon scale. Note
that such an averaging over the source distribution is not
mandatory if one has distance information about each bin
of sources. Using the fact that
∫∞
0
dχ
∫ χ
0
dχ′ is equivalent
to integrate as
∫∞
0
dχ′
∫∞
χ′ dχ we obtain, after exchanging
χ and χ′, the expression
κ(ni) =
1
2
∇2⊥
∫ ∞
0
gˆ(χ)φ[fK(χ
′)ni, χ′]dχ (3.9)
with
gˆ(χ) =
1
fK(χ)
∫ ∞
χ
ns(χ
′)
fK(χ
′ − χ)
fK(χ′)
dχ′ . (3.10)
From this, we may also introduce the lensing potential
averaged over sources as
ψ(ni) =
∫ ∞
0
gˆ(χ)φ[fK(χ
′)ni, χ′]dχ (3.11)
in terms of which Eq. (3.9) takes the form
κ(ni) =
1
2
∇2⊥ψ(ni) . (3.12)
The geodesic bundle propagates in the perturbed
spacetime, which induces a correction of the redshift of
the source, compared to the background redshift. Cor-
recting the redshift in turn corrects the distance to the
source, and so adds to the convergence. This affects only
the convergence but not the shear (at linear order). Tak-
ing into account this effect induces three extra terms at
first-order for the convergence: the Sachs-Wolfe and In-
tegrated Sachs-Wolfe terms and a Doppler lensing term
(Refs. [23, 24, 50]). The SW and ISW contributions are
κsw(n
i, χ) =
(
2− 1Hχ
)
Φ(ni, χ), (3.13)
κisw(n
i, χ) = 2
(
1− 1Hχ
)∫ χ
0
dχ′Φ′(ni, χ′)
− 2
χ
∫ χ
0
dχ′Φ(ni, χ′). (3.14)
The Doppler contribution, in a spatially Euclidean back-
ground, is
κv(n
i, χ) = −
[
1− 1
χH(χ)
]
nivi , (3.15)
for n pointing in the direction of observation, and with vi
given by Eq. (2.2). This contribution to the convergence
was first identified in [24, 50], and investigated in more
detail in [16, 23]. Note that when using these formula,
the comoving distance to a source χ should be calculated
from the background distance-redshift relation using the
observed redshift (and not the unphysical background
redshift).
6B. Different contributions to the convergence
As discussed in § II, we have 3 contributions to the
convergence that arise from the scalar, vector and tensor
contributions to Eqs. (3.1-3.2), to which we need to add
the two Sachs-Wolfe terms and an important first-order
contribution induced by the Doppler effect [24].
It follows that the observed weak lensing convergence
has 4 contributions given by:
at first-order
κ
S
(ni) =
1
2
∇2⊥
∫ ∞
0
dχ gˆ(χ)
[
Φ(ni, χ) + Ψ(ni, χ)
]
,(3.16)
κv(n
i) =
∫ ∞
0
dχns(χ)
[
1
χH(χ) − 1
]
niv
i(ni, χ)(3.17)
κsw(n
i) =
∫ ∞
0
dχns(χ)
(
2− 1Hχ
)
Φ(ni, χ) (3.18)
κisw(n
i) = 2
∫ ∞
0
dχ gˆisw1(χ)Φ
′(ni, χ) (3.19)
−2
∫ ∞
0
dχgˆisw2(χ)Φ(n
i, χ),
where
gˆisw1 =
(
1− 1Hχ
)∫ ∞
χ
dχ′ns(χ′)
gˆisw2 =
1
χ
∫ ∞
χ
dχ′ns(χ′)
and at second-order
κ
V
(ni) =
1
2
∇2⊥
∫ ∞
0
dχ gˆ(χ)niV
i(ni, χ) , (3.20)
κ
T
(ni) =
1
2
∇2⊥
∫ ∞
0
dχ gˆ(χ)ninjh
ij(ni, χ) . (3.21)
At second-order in vector and tensor modes, there are
also the counterparts of the correction terms given in
Eqs. (3.17),(3.18),(3.19) (see Refs. [38, 39]) but we are
not considering them in this analysis. As already men-
tioned, we are only taking into account the dynamically
induced vector modes. Note also that in these expres-
sions, the variables are evaluated along the light cone
and considered as function of the radial distance χ and
the angular position ni only. Given a source distribution,
the left-hand side are purely function of position on the
sky.
C. Expression of the power spectra
Given the previous expressions, one can deduce the
angular power spectra of these different contributions to
the convergence. To that purpose, we decompose each
variable in spherical harmonics. For each contribution,
the deflecting potential (3.4) can be expanded as
ψ(n;χ) =
∑
`m
ψ`m(χ)Y`m(n) , (3.22)
where n is the position on the celestial 2-sphere, for a
source located at χ. Taking into account spatial isotropy,
its angular power spectrum is defined as
〈ψ`m(χ)ψ∗`′m′(χ′)〉 = Cψψ` (χ, χ′)δ``′δmm′ . (3.23)
Given Eq. (3.12), the coefficients of the expansion of the
shear are related to the ψ`m by
κ`m = − 12`(`+ 1)ψ`m , (3.24)
which implies that the angular power spectra of the cos-
mic convergence and deflecting potential are related by
Cκκ` =
1
4`
2(`+ 1)2Cψψ` . (3.25)
The power spectra are related to the real space angular
correlation function,
Cψψ(n · n′;χ, χ′) = 〈ψ(n, χ)ψ(n′, χ′)〉 (3.26)
by
Cψψ(n · n′;χ, χ′) =
∞∑
`=0
2`+ 1
4pi
Cψψ` (χ, χ
′)P`(n · n′) ,
(3.27)
where P` stands for the Legendre polynomials.
When the integration over the source distribution is
included (i.e. using the expressions (3.9-3.12)), one ob-
tains similar expressions for the angular power spectra
but with an extra integration over the sources distribu-
tion so that the dependence in χ disappears.
The derivation of the angular power spectra is detailed
in Appendices B, C, D, E and F respectively for the ve-
locity term, ISW term, SW term, the vector and tensor
modes.
After integrating over the sources distribution, all
power spectra (see Eqs. (A4), (B6), (E15), (F15), (D4),
(C5), (C6) and (C7)) can all be written as
CψXψX` =
[
A
(s)
`
]2 ∫ ∞
0
gˆ(χ)dχ
∫ ∞
0
gˆ(χ′)dχ′∫
dk
k
j`(kχ)
(kχ)s
j`(kχ
′)
(kχ′)s
PX(k, χ, χ′) ,(3.28)
with
A
(s)
` =
√
16pi
N2sFs
(`+ s)!
(`− s)! (3.29)
where X = {S, V, T}, corresponding to s = 0, 1, 2. The
power spectra of each mode, PS = PΦ etc., are respec-
tively given by Eqs. (2.7), (2.12) and (2.18) and we have
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FIG. 2: Lensing angular power spectra of the density contrast (scalars - black line), the Doppler contribution (green), vectors
(red line), tensors (blue line), ISW term (yellow line) and SW term (cyan line), Cκκ` (z, z
′), at z = z′ = 0.1 (left) and z = z′ = 1.0
(right). The dashed lines represent the non-linear evolution estimated using Halofit. z and z′ are the redshifts of the sources
on the two lines of sight.
replaced η = η0 − χ by χ since this the integral is eval-
uated on the past lightcone. The numbers Fs = (1, 2, 8)
for s = (0, 1, 2) and Ns = (1, 2, 2) is the number of
polarisations of each mode. The Doppler contribution
(X = v) takes a similar form (see Appendix B) with
A
(s)
` →
√
4piA, gˆ(χ)→ F (χ), j`(kχ)/(kχ)s → j′`(kχ) andPv → k2PΦ. The two contributions from ISW and SW
terms are both similar to the scalars modes with s = 0,
Fs = 1 and Ns = 1 except that for SW A
(s) =
√
4pi
whereas that of ISW is the same as the scalar modes (see
Appendices C to D).
Each spectrum can be written in terms of a transfer
function TX(k, η) which is normalized to unity at early
times as
PX(k, η, η′) = PX,i(k)TX(k, η)TX(k, η′) . (3.30)
This implies that Eq. (3.28) factors as
CψXψX` =
[
A
(s)
`
]2 ∫ ∞
0
dk
k
PX,i(k)[∫ ∞
0
dχ gˆ(χ)
j`(kχ)
(kχ)s
TX(k, χ)
]2
.(3.31)
Similarly, the convergence angular power spectra, not in-
tegrated over the sources distribution, takes the form
CψXψX` (χS , χ
′
S) =
[
A
(s)
`
]2 ∫ χS
0
dχ
fK(χS − χ)
fK(χS)fK(χ)∫ χ′S
0
dχ′
fK(χ
′
S − χ′)
fK(χ′S)fK(χ′)
(3.32)∫ ∞
0
dk
k
j`(kχ)
(kχ)s
j`(kχ
′)
(kχ′)s
PX(k, χ, χ′).
Since integrating the Bessel function in Eq. (3.31) is
computationally expensive and since the sources distri-
bution is slowly varying over long distances, we shall
resort to a Limber approximation which is a good ap-
proximation as at large `. In such an approximation,
kχ ' (`+ 1/2) so that [51, 52] we have the property
2
pi
∫ ∞
0
k2dkf(k)j`(kχ)j`(kχ
′) =
δ(χ− χ′)
χ2
f [(`+ 1/2)/χ]
(3.33)
which is accurate to O[(`+1/2)2] and is sufficient for our
purposes. We then find
CψXψX` =
64pi2
Ns(2`+ 1)3+2s
(`+ s)!
(`− s)! × (3.34)∫ ∞
0
dχχPX,i
[
2`+ 1
2χ
]
gˆ(χ)2T 2
[
2`+ 1
2χ
, χ
]
.
IV. WEAK LENSING FROM SECOND-ORDER
MODES
The previous expressions allow us to compute numer-
ically the angular power spectra of the 6 contributions
to the cosmic convergence in particular to estimate the
typical magnitude of the non-linear terms which we com-
pare to the standard term κS , the Doppler term κv, ISW
term κisw and SW term κsw, which allows us to discuss
whether assuming κobservation = κS + κv is a good ap-
proximation to interpret the weak lensing observations.
Since the two point function can be computed in real
space (i.e., the correlation function C(θ, z, z′)) or in har-
monic space (i.e., the angular power spectrum C`(z, z
′)),
we shall use the two representations.
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FIG. 3: Real space angular correlation function, Cκκ(θ), at z = z′ = 0.1 for the scalars, Doppler, vectors from left to right.
Note that in this regime the Doppler lensing is dominant [23, 24].
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FIG. 4: Real space angular correlation function, Cκκ(θ), at z = z′ = 0.1 for the tensors, ISW and SW from left to right.
A. Behaviour of the different contributions
We start by comparing in Fig. 2 the different contribu-
tions to the lensing angular power spectra without inte-
grating over the sources distribution and assuming that
the sources on the sky are located at the same redshift in
z = z′ = 0.1 or z = z′ = 1.0. We recover that the veloc-
ity contribution dominates at low redshift [24] and that
the gravity waves contribution is always negligible [27].
The results shown in Fig. 2 also suggest that there is a
range in multipoles ` (` ≥ 50) where the second order
vector modes become more significant than both of the
Sachs-Wolfe terms. A similar computation in real space,
assuming z = z′ = 0.1 is depicted in Fig. 3 and Fig. 4.
Focusing on the contribution of the vector modes,
Fig. 5 shows how the amplitude of the angular power
spectrum CκκV,`(z, z
′) depends on the redshifts of the back-
ground galaxies and on the scale, while Fig. 6 shows
the similar information in real space, i.e., CκκV (θ, z, z
′).
Fig. 7 shows the ratio of the vectors to the Doppler term,
which shows that at intermediate redshifts the second-
order frame dragging effects dominate the linear Doppler
lensing. It is noted that although, we think that higher
order contributions from the vector modes will be sub-
dominant, this issue still needs to be addressed. We have
included the non-linear power spectrum using Halofit to
compute the vector modes shown in Fig. 2, but for the
rest of the calculations for consistency, we only use the
linear power spectrum to compute the contribution of the
vector modes to the cosmic convergence.
B. Source distributions
The source distribution depends on the survey and is
described through the function ns,χ(χ) or an equivalent
function ns,z(z) in redshift space, where ns,χ(χ)dχ =
ns,z(z)dz. These distributions are normalised to unity.
This then defines the lensing weight function gˆ, as shown
in Eq. (3.10).
To start, let us assume that the sources are distributed
at a single redshift so that
ns(χ) = δ(χ− χs) (4.1)
which implies
gˆ(χ) =
χs − χ
χχs
Θ(χs − χ), (4.2)
where Θ is the Heaviside distribution. This unrealistic
but simple assumption provides a good way to under-
stand the lensing effects as a function of redshift. Fig. 8
depicts the contribution to the lensing spectra for shells
with sources located at different redshifts normalised to
the scalar contribution. As we can see, the relative con-
tribution from the vector modes is largest at low redshift,
reflecting the fact that vector modes continue to grow at
late times. It can also be noticed that second order vec-
tor modes completely dominates the Sachs-Wolfe term at
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FIG. 6: Amplitude of the angular power spectra of the vec-
tors in real space with z′ = 1.
small scales (large `). The fact that SW term tends to
zero at z ' 0.7 accounts for the large amplitude of the
ratio CκκV (`)/C
SW
` (`) at z = 0.7. Note that the differ-
ence in the pre-factors of both SW and Doppler terms
explains the difference in redshifts at which each of them
crosses zero.
In order to obtain more realistic orders of magnitude,
we consider source distributions similar to the one of the
future Euclid and SKA experiments. The normalised Eu-
clid redshift distribution has the form given in Refs. [53–
55]:
n(z) = Az2 exp
[
−
(
z
z0
)β]
(4.3)
with A = 5.792, β = 1.5 and z0 = 0.64, which gives a
median redshift zm ∼ 0.9.
For SKA we make use of the SKA Simulated Skies sim-
ulations [56]. These are simulations of the submillimeter
radio source population. We use all the extragalactic ra-
dio continuum sources in the central 10× 10 sq. degrees
out to a redshift of z = 20. In these simulations, the
sources are drawn from either observed or extrapolated
luminosity functions and grafted onto an underlying dark
matter distribution with biases which reflect their mea-
sured large-scale clustering. We then construct a redshift
distribution that we paramaterise as
n(z) = A
zn
(1 + z)m
exp
[
− (a+ bz)
2
(1 + z)2
]
(4.4)
with best fit parameters a = −1.806, b = 0.388,m =
2.482, n = 0.838 and A = 1.610 and normalise the dis-
tribution at z = 20, which gives a description accurate
to the percent level, which is good enough for our pur-
poses. Note that this redshift distribution represents the
very best case scenario since all sources from the simu-
lation have been used in its construction, and no further
observational cuts were included.
These source distributions can be used to compute the
vector convergence spectrum for both surveys. Fig. 9
compares its amplitude to the standard scalar contri-
bution, showing that it is typically 10−5 times smaller.
Whereas compared to the Doppler contribution, its am-
plitude is about 102 larger and 10−2 smaller on small
scales respectively for a SKA-like survey and for a Euclid-
like survey – see Fig. 9. Interestingly, the vector contri-
bution is subdominant for Euclid, for which the main
correction arises from the Doppler term, while for SKA-
like geometry the vector contribution is typically 1-100
times larger than the Doppler one for ` > 500. On larger
angular scales, the Doppler term always dominates – see
Fig. 9, where on large angular scales the Doppler term
totally prevails over the scalar contribution by about 5
orders of magnitude.
V. CONCLUSIONS
This article has evaluated the amplitude of relativis-
tic contributions to the weak lensing power spectra. We
have considered the gravitational wave and vector mode
backgrounds which are sourced at second-order by den-
sity perturbations. The amplitude of these backgrounds
are completely fixed once the normalisation of the scalar
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power spectrum in the linear regime is determined. As
these are purely relativistic degrees of freedom they set
the lower limit for all relativistic effects on cosmological
modelling. While the gravitational wave background is
very small in relation to the scalars, the vectors, which
represent frame dragging in the metric, give corrections
to the metric at nearly the percent level. The effect of
these contributions on weak lensing convergence predic-
tions have been computed in order to understand if they
can either be detected, or bias the analysis of future weak
lensing experiments, such as Euclid or SKA. We have
compared them to the usual gravitational lensing contri-
bution, the two Sachs-Wolfe contributions as well as the
Doppler lensing contribution [23].
First, we have shown that even though the non-linear
tensor mode background dominates over any possible
primordial gravitational wave contribution, its effect on
weak lensing is completely negligible, by 10 to 12 order
of magnitudes (see Figs. 2 and 8).
Then, we have shown that the vector contribution
to the convergence, while small, can dominate over the
Doppler lensing at high redshift – but there it is swamped
by gravitational lensing by density perturbations. We
have shown this both for point sources and for two sur-
vey geometries. The vectors are actually more important
than the Doppler term for SKA-like source distributions
on small scales, but not for a Euclid like survey. For both
of these surveys the vectors only reach about 10−3% that
of the normal gravitational lensing contribution, and so
can be safely neglected. Nevertheless, it is interesting
that the vector contribution can be as important as some
linear terms.
We have also recovered that although the frame drag-
ging effect is small, it becomes more important than both
ISW and SW above ` ≥ 50. This comes to corroborate
the fact that for observations, neglecting the 2 first order
Sachs-Wolfe terms is a good approximation.
In this analysis, the non-linear effects of the met-
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ric perturbations have been described at second order
while weak lensing was described assuming that the
Born approximation still holds. In principle, one needs
also to take into account second order effects on the
geodesic deviation equation [31–35], as fully described
in Refs. [36, 37].
There are a huge variety of second-order effects which
come into the convergence. We have only considered two
contributions which arise from non-linear dynamical ef-
fects which happen as structure forms. Many contribu-
tions appear when calculating the lensing convergence
itself [13–15], and these also need to be analysed in a sim-
ilar manner to that presented here to determine whether
relativistic effects are important for future observations
of magnification.
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Appendix A: Angular power spectrum of the scalar modes
We follow the standard description of weak lensing in a full sky analysis, following e.g, Refs. [40, 47, 48] and refer
to Refs. [49, 57] for more recent developments of the formalism.
Taking into account that one can neglect the anisotropic stress, the deflecting potential integrated over the line of
sight (3.9) reduces to
ψ(n) = 2
∫ ∞
0
dχ gˆ(χ)Φ[x(n), η] , (A1)
where gˆ is defined in Eq. (3.10). By inserting the Fourier decomposition Eq. (2.6) and expanding the exponential in
spherical harmonics as
exp(ik · x) = 4pi
∑
`m
i`j`(kx)Y`m(kˆ)Y`m(xˆ) , (A2)
where the j` are the spherical Bessel functions, the components ψ`m are given by
ψ`m =
4 i`√
2pi
∫ ∞
0
dχ
∫
d3k gˆ(χ)j`(kχ)Φ(k, χ)Y`m(kˆ) , (A3)
where we have replaced η = η0 − χ by χ since the integral is evaluated on the past lightcone. It follows that
〈ψ`mψ∗`′m′〉 = 16pi
∫ ∞
0
dχ
∫ ∞
0
dχ′
∫ ∞
0
dk
k
gˆ(χ)gˆ(χ′)j`(kχ)j`(kχ′)PΦ(k, χ, χ′)δ``′δmm′ , (A4)
using Eq. (2.7), integrating over k′, then decomposing d3k = k2dkd2kˆ and integrating the product of spherical
harmonics over kˆ to get the term δ``′δmm′ . The expressions for the scalar C`’s in the text follow directly.
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Appendix B: Angular power spectrum of the Doppler term
Starting from the expression (3.20) for the convergence associated to the Doppler effect in which vi is given by
Eq. (2.2), and using the decomposition of the gravitational potential described in § II A, one obtains that
vi = − 2a(η)
3ΩmH20
[g(η)′ +Hg(η)]∂iΦ. (B1)
Decomposing the gravitational potential in Fourier mode as in Eq. (2.6), with the definition of its power spectrum
given in Eq. (2.7), one gets
κ(n) = A
∫ ∞
0
dχns(χ)a(χ)
(
1− 1
χH(χ)
)∫
d3k
(2pi)3/2
Φ(k, η)ni∂i
(
eik.x
)
(B2)
where the coefficient A is given by
A =
2
3ΩmH20
.
Now, using that
ni∂i (exp(ik · x)) = 4pi
∑
`m
i`kj′`(kχ)Y`m(kˆ)Y`m(n) , (B3)
with a prime on the spherical Bessel function denoting the derivative with respect to its argument, Eq. (B2) becomes
κ(n) = 4piA
∫ ∞
0
dχns(χ)a(χ)
(
1− 1
χH(χ)
)∫
d3k
(2pi)3/2
Φ(k, η)
∑
`m
i`kj′`(kχ)Y`m(kˆ)Y`m(n) (B4)
from which we can extract the components
κ`m = 4piA
∫ ∞
0
dχns(χ)a(χ)
(
1− 1
χH(χ)
)∫
d3k
(2pi)3/2
Φ(k, η)i`kj′`(kχ)Y`m(kˆ). (B5)
Its correlator is then given by
〈κ`mκ∗`′m′〉 = 4piA2
∫ ∞
0
dχF (χ)j′`(kχ)
∫ ∞
0
dχ′F (χ′)j′`(kχ
′)
∫ ∞
0
dk
k
Pv(k, χ, χ′)δ``′δmm′ (B6)
with
Pv(k, χ, χ′) ≡ k2PΦ(k, χ, χ′) (B7)
and where
F (χ) ≡ ns(χ)a(χ)
(
1− 1
χH(χ)
)
. (B8)
We finally get the formula of the angular power spectrum convergence associated to the Doppler contribution as
Cv` = 4piA
2
∫ ∞
0
dχF (χ)
∫ ∞
0
dχ′F (χ′)
∫ ∞
0
dk
k
Pv(k, χ, χ′)j′`(kχ)j′`(kχ′) . (B9)
Since PΦ(k, χ, χ′) = PΦi(k)T˜ (k, χ)T˜ (k, χ′) with
T˜ (k, χ) = T (k) [g′(χ) +Hg(χ)]
the angular spectrum reduces to
Cv` = 4piA
2
∫ ∞
0
dk
k
Pvi(k)
[∫ ∞
0
dχF (χ)j′`(kχ)T˜ (k, χ)
]2
. (B10)
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Appendix C: Angular power spectrum of the Integrated Sachs-Wolfe term
As discussed in the text, the Integrated Sachs-Wolfe also contribute to the cosmic convergence at first order
κisw(n) = 2
∫ ∞
0
dχ gˆisw1(χ)Φ
′(n, χ) + 2
∫ ∞
0
dχgˆisw2(χ)Φ(n, χ) (C1)
with both gˆisw2 and gˆisw1 defined in the text. The harmonic expansions of both the first and the second terms, which
we call κisw1 and κisw2 respectively give
κisw1(n) = 8pi
∫ ∞
0
dχgˆisw1(χ)
∫
d3k
(2pi)3/2
Φ(k, η)
∑
`m
i`j`(kχ)Y`m(kˆ)Y`m(n) (C2)
for now we drop the ′ which denotes the derivative of the potential with respect to the conformal time as it is taken
into account by the time evolution of the transfer function. The second term
κisw2(n) = −8pi
∫ ∞
0
dχgˆisw2(χ)
∫
d3k
(2pi)3/2
Φ(k, η)
∑
`m
i`j`(kχ)Y`m(kˆ)Y`m(n). (C3)
It follows that the correlator contains three terms
〈κisw`mκisw
∗
`′m′〉 = 〈κisw1`m κisw1
∗
`′m′ 〉+ 〈κisw2`m κisw2
∗
`′m′ 〉+ 2〈κisw1`m κisw2
∗
`′m′ 〉 (C4)
thus
〈κisw1`m κisw1
∗
`′m′ 〉 = 16pi
∫ ∞
0
dχ
∫ ∞
0
dχ′
∫ ∞
0
dk
k
gˆisw1(χ)gˆisw1(χ
′)j`(kχ)j`(kχ′)PΦ(k, χ, χ′)δ``′δmm′ (C5)
where
PΦ(k, χ, χ′) = PΦi(k)Tisw1(k, χ)Tisw1(k, χ′)
and
Tisw1(k, χ) = T (k)g
′(χ)
g′(χ) being the derivative of the growth suppression factor with respect to conformal time η. The second term that
constitutes to the correlator
〈κisw2`m κisw2
∗
`′m′ 〉 = 16pi
∫ ∞
0
dχ
∫ ∞
0
dχ′
∫ ∞
0
dk
k
gˆisw2(χ)gˆisw2(χ
′)j`(kχ)j`(kχ′)PΦ(k, χ, χ′)δ``′δmm′ (C6)
with
PΦ(k, χ, χ′) = PΦi(k)Tisw2(k, χ)Tisw2(k, χ′)
and
Tisw2(k, χ) = T (k)g(χ).
And the last term yields
〈κisw1`m κisw2
∗
`′m′ 〉 = −16pi
∫ ∞
0
dχ
∫ ∞
0
dχ′
∫ ∞
0
dk
k
gˆisw1(χ)gˆisw2(χ
′)j`(kχ)j`(kχ′)PΦ(k, χ, χ′)δ``′δmm′ (C7)
letting
PΦ(k, χ, χ′) = PΦi(k)Tisw1(k, χ)Tisw2(k, χ′).
So, the total contribution of the Integrated Sachs-Wolfe term (C isw` ) to the convergence is thus given by the sum of
each C ′`s extracted from each of the terms that composes the correlator i.e
C isw` = C
isw1,isw1
` + C
isw2,isw2
` − 2C isw1,isw2` . (C8)
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Appendix D: Angular power spectrum of the Sachs-Wolfe term
The contribution to the convergence of the Sachs-Wolfe term reads
κsw(n) =
∫ ∞
0
dχns(χ)
(
2− 1Hχ
)
Φ(n, χ). (D1)
Using the Fourier decomposition of the potential and expanding the plane waves we arrive at
κsw(n) = 4pi
∫ ∞
0
dχns(χ)
(
2− 1
χH(χ)
)∫
d3k
(2pi)3/2
Φ(k, η)
∑
`m
i`j`(kχ)Y`m(kˆ)Y`m(n) (D2)
and the coefficients κsw`m are given by
κsw`m = 4pi
∫ ∞
0
dχns(χ)
(
2− 1
χH(χ)
)∫
d3k
(2pi)3/2
Φ(k, η)i`j`(kχ)Y`m(kˆ) (D3)
so that
〈κsw`mκsw
∗
`′m′〉 = 4pi
∫ ∞
0
dχ
∫ ∞
0
dχ′
∫ ∞
0
dk
k
gˆsw(χ)gˆsw(χ
′)j`(kχ)j`(kχ′)PΦ(k, χ, χ′)δ``′δmm′ (D4)
where we define
gˆsw(χ) = ns(χ)
(
2− 1Hχ
)
.
Extracting Csw` from (D4) is straightforward
Appendix E: Angular power spectrum of the vector modes
The lensing potential integrated along the line of sight associated with the vector modes is given by
ψ(n) =
∫ ∞
0
dχgˆ(χ)niVi[x(n), χ].
We decompose the vector perturbations in Fourier modes as in Eq. (2.11). The polarisation vectors can be expressed
as
e± =
1√
2
(e1 ± ie2) ,
so that
nie±i =
1√
2
sin θe±iϕ . (E1)
The power spectrum of each polarisation is then defined as
〈Va(k, η)V ∗b (k′, η′)〉 =
2pi2
k3
PV (k, η, η′)δ(3)(k − k′)δab , (E2)
assuming that the two polarisations are independent and using local isotropy to deduce that they enjoy the same
spectrum. It follows that
ψ(n) =
∫ ∞
0
dχgˆ(χ)
∑
λ=±
∫
d3k
(2pi)3/2
Vλ(k, η)
1√
2
sin θeλiϕeik·x . (E3)
Contrary to the scalar case, we cannot simply decompose the exponential to read ψ`m because of the extra geometric
factor. The simplest is to extract it as
ψ`m =
∫
ψ(n)Y ∗`m(n)d
2n . (E4)
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so that is given by
ψ`m =
1√
2
∫ ∞
0
dχgˆ(χ)
∑
λ=±
∫
d3k
(2pi)3/2
Vλ(k, η)
∫
sin θeλiϕY ∗`m(n)e
ik·xd2n . (E5)
Now, using that
sin θeλiϕ = −2λ
√
2pi
3
Y1λ(n)
and decomposing the exponential in spherical harmonics, one gets
ψ`m = 4pi
√
2
∫ ∞
0
dχgˆ(χ)
∑
λ=±
(−λ)
√
2pi
3
∫
d3k
(2pi)3/2
Vλ(k, η)
∑
LM
iLjL(kχ)YLM (kˆ)AλLM,`m . (E6)
The integral over the 3 spherical harmonics,
AλLM,`m =
∫
Y1λ(n)YLM (n)Y
∗
`m(n)d
2n , (E7)
is conveniently computed by first assuming that kˆ is along the z-axis so that YLM (kˆ) =
√
(2L+ 1)/4piδM0. We
thus need to evaluate AλL0,`m, which is only non-vanishing when m = λ L = ` ± 1 so that the only non-vanishing
coefficients are
A1±1`+10,`±1 = −
1
2
√
3
2pi
√
`(`+ 1)
(2`+ 1)(2`+ 3)
, A1±1`−10,`±1 =
1
2
√
3
2pi
√
`(`+ 1)
(2`+ 1)(2`− 1) . (E8)
The sum
αλ`m(k = kez) ≡
∑
LM
iLjL(kχ)YLM (kˆ)AλLM,`m (E9)
then reduces to
αλ`m(k = kez) = i
`−1j`−1
√
2`− 1
4pi
A1λ`−10,`±1 − i`+1j`+1
√
2`+ 3
4pi
A1λ`+10,`±1, (E10)
and, after gathering the Bessel functions,
αλ`m(k = kez) = −i`+1
1√
2
√
3
2pi
√
2`+ 1
4pi
j
(11)
` (kχ)δmλ (E11)
with
j
(11)
` (x) ≡
√
`(`+ 1)
2
j`(x)
x
.
Now, to evaluate the same quantity for any kˆ, we need to perform a rotation R(kˆ) that brings the ez along kˆ. Under
such a rotation,
αλ`m(k) =
∑
m′=±1
D`m,m′ [R(kˆ)]α
λ
`m′(kez) , (E12)
where ∫
dkˆD`m,±1[R(kˆ)]
(
D`
′
m′,±1[R(kˆ)]
)∗
=
4pi
2`+ 1
δ``′δmm′ . (E13)
So, finally, we have
ψ`m = 4pi
∫ ∞
0
dχgˆ(χ)i`+1
√
2`+ 1
4pi
j
(11)
` (kχ)
∑
λ=±
λ
∫
d3k
(2pi)3/2
Vλ(k, η)
∑
a=±1
D`m,a[R(kˆ)] . (E14)
Using Eq. (E2) and integrating over kˆ while exploiting relation (E13), it follows that
〈ψ`mψ∗`′m′〉 = 4pi
∫ ∞
0
dχ
∫ ∞
0
dχ′
∫
dk
k
PV (k, η, η′)gˆ(χ)gˆ(χ′)j(11)` (kχ)j(11)` (kχ′)δ``′δmm′ . (E15)
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Appendix F: Angular power spectrum of the tensor modes
The same method as for vectors can be followed for tensor modes. The potential integrated along the line of sight
is now given by
ψ(n) =
∫ ∞
0
gˆ(χ)ninjhij [x(n), χ]dχ . (F1)
We decompose the tensor perturbations in Fourier modes as in Eq. (2.17) in which the polarization tensor is explicitely
given by
ελij =
e1i e
1
jδ
λ
+ + e
2
i e
2
jδ
λ
−√
2
so that
ninjε±ij =
1
2
√
2
(sin θ)2e±2iϕ.
The power spectrum of the two polarisations is defined as
〈ha(k, η)h∗b(k′, η′)〉 =
2pi2
k3
PT (k, η, η′)δ(3)(k − k′)δab . (F2)
It follows that
ψ(n) =
∫ ∞
0
dχgˆ(χ)
∑
λ=±
∫
d3k
(2pi)3/2
hλ(k, η)
1
2
√
2
(sin θ)2eλ2iϕeik·x . (F3)
Setting 2λ = γ and using
(sin θ)2eγiϕ = 4
√
2pi
15
Y2γ(n),
the expression of the coefficients ψ`m are obtained from Eq. (E4) as
ψ`m = 4pi
√
2
∫ ∞
0
dχgˆ(χ)
∑
γ=±2
√
2pi
15
∫
d3k
(2pi)3/2
hγ(k, η)
∑
LM
iLjL(kχ)YLM (kˆ)AγLM,`m (F4)
with
AγLM,`m =
∫
Y2γ(n)YLM (n)Y
∗
`m(n)d
2n . (F5)
By pure analogy with the previous case, it is convenient to first calculate this assuming that kˆ is along the z-
axis so that YLM (kˆ) =
√
(2L+ 1)/4piδM0. We then need to evaluate AγLM,`m which is only non-vanishing when
m = γ L = `± 2, ` so that the non-zero coefficients are
A2±2`0,`±2 = −
1
2
√
15
2pi
√
(`+ 2)!
(`− 2)!
1
(2`+ 3)(2`− 1) , (F6)
A2±2`+20,`±2 =
1
4
√
15
2pi
√
(`+ 2)!
(`− 2)!
1√
(2`+ 1)(2`+ 5)(2`+ 3)
, (F7)
A2±2`−20,`±2 =
1
4
√
15
2pi
√
(`+ 2)!
(`− 2)!
1√
(2`− 3)(2`+ 1)(2`− 1) . (F8)
The sum
α˜γ`m(k = kez) ≡
∑
LM
iLjL(kχ)YLM (kˆ)AγLM,`m (F9)
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then reduces to 3 terms as
α˜γ`m(k = kez) = i
`j`(kχ)Y`0(kˆ)A2±2`0,`±2 + i`+2j`+2(kχ)Y`+20(kˆ)A2±2`+20,`±2 + i`−2j`−2(kχ)Y`−20(kˆ)A2±2`−20,`±2. (F10)
After simplifying and gathering the Bessel functions, it gives
α˜γ`m(k = kez) =
1√
2
i`+2
√
15
2pi
√
2`+ 1
4pi
j
(22)
` (kχ)δγm (F11)
with
j
(22)
` (x) ≡
√
1
8
(`+ 2)!
(`− 2)!
j`(x)
x2
.
To finish, we need to evaluate the same quantity for any kˆ by performing a rotation R(kˆ) that brings the ez along kˆ.
Under such a rotation,
α˜λ`m(k) =
∑
m′=±2
D`m,m′ [R(kˆ)]α˜
λ
`m′(kez) , (F12)
where the orthogonality relation of the Wigner D-functions,∫
dkˆD`m,±2[R(kˆ)]
(
D`
′
m′,±2[R(kˆ)]
)∗
=
4pi
2`+ 1
δ``′δmm′ , (F13)
is used to get the coefficients of the expansion as
ψ`m = 4pi
√
2`+ 1
4pi
∫ ∞
0
dχgˆ(χ)
∑
γ=±2
∫
d3k
(2pi)3/2
hγ(k, η)i
`+2j
(22)
` (kχ)
∑
a=±2
D`m,a[R(kˆ)] . (F14)
Using Eq. (F2) and integrating over kˆ while exploiting relation (F13) leads to
〈ψ`mψ∗`′m′〉 = 4pi
∫ ∞
0
dχ
∫ ∞
0
dχ′
∫
dk
k
PT (k, η, η′)gˆ(χ)gˆ(χ′)j(22)` (kχ)j(22)` (kχ′)δ``′δmm′ . (F15)
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